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Abstract. In the first of this two-part series, we find 'fixed point factorisation' formulas, towards 
an understanding of the fusion ring of WZW models. Fixed-point factorisation refers to the 
simplifications in the data of a CFT involving primary fields fixed by simple-currents. Until 
now, it has been worked out only for SU(n), where it has developed into a powerful tool for 
understanding the fusion rings of WZW models of CFT — e.g. it has lead to closed formulas for 
NIM-reps and D-brane charges and charge-groups. In this paper, we generalise these formulas to 
the other classical algebras, laying the groundwork for future applications to fusion rings (Part 2). 
We also discuss connections with the twining characters of Fuchs-Schellekens-Schweigert. 
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1 Introduction 

The primary fields of a WZW model correspond to fixed level k highest weight representations A 
of the underlying affine algebra. Their characters are holomorphic functions of a complex number 
r£i, the upper half plane of complex numbers with positive imaginary part; more precisely, 

Xx(t) = q- c/M Tr x q Lo , (1.1) 

where q = e 2nlT , c is the central charge, and L is the energy operator. As with all RCFTs, they 
satisfy a modularity property 

Xa(-1/t) = 5>a^(t); (1.2) 
*a(1+t) = ^T vXm (t), (1.3) 

where the sum is over all primaries //, and Sx^, are complex numbers. The matrices S 
and T defined by (II. 2p . (11.31) resp. generate a representation of the modular group SL 2 (Z) = 

a, b,c,d G Z, det A = 1 j; they are called modular data, and they satisfy many prop- 
erties which we will discuss in Section [2J Modular data also occur in various other contexts in 
physics and mathematics (e.g. finite groups, VOAs, subfactors — see [T] for more). 




The S-matrix is the more important of the two, and is a fundamental quantity of an RCFT, as 
the matrix governing the modular transformation r i— > — 1/r of the RCFT characters, and through 
Verlinde's formula (see (I2.3P ). expressing the fusion coefficients of the fusion ring. In this paper, 
we are interested in simplifying the entries S\ v of the S'-matrix corresponding to an affine Kac- 
Moody algebra where p is a fixed point — by 'fixed point', we mean a primary fixed by nontrivial 
simple-current symmetries. For the WZW models, simple-current symmetries correspond directly 
with the centre of the Lie group and to symmetries of the extended Coxeter-Dynkin diagram [2] Jj 
Fixed points can complicate many phenomena — e.g. calculating NIM-rep coefficients, or see the 
modular invariant partition function classification of [3j H] - - so it is important to have tools to 
handle these difficulties. The S'-matrix simplification we address in this paper is referred to as 
'fixed point factorisation' (see Theorem 3.1 for details). A simplification to this task is provided 
by the observation that the ratio S\^/S 0fl is a polynomial in ratios Sa 7iM /S 0ai , where A n are 
the fundamental representations and denotes the vacuum primary (this will be explained more 
precisely in Section [2]). Thus we need only find an explicit fixed point factorisation at entries S\ njip 
to establish that one exists. 

Fixed point factorisation was first found to exist, for SU(ra), by Gannon- Walton [5] - they 
found that the S-matrix entries involving fixed points factored into S-matrix entries of SU (n/d), 
where d is a proper divisor of n, and n/d is the order of the simple-current fixing <p. We give a 
brief review of this case in Section 13.21 Gaberdiel- Gannon later used fixed point factorisation to 
find NIM-rep coefficients (a NIM-rep is a nonnegative integer matrix representation of a fusion 
ring — see e.g. [TJ [6] for an introduction to NIM-reps; a Lie-theoretic interpretation for the 
WZW models was given in [7]) — and their D-brane charges on non-simply connected Lie groups 
SU(n)/Z rf , where d is a proper divisor of n and the Z d are subgroups of the group of simple- 
currents of SU(n)[8l [9]. One consequence of this is a beautiful and unexpected relation between 
string theories on non-simply connected Lie groups and simply connected groups of smaller rank. 

Our fixed point factorisation formulas, given in Section [3J address the important first step 
of providing the tool to determine NIM-reps and their D-brane charges for all WZW models - 
these will follow in [10J. Current work in this direction has already yielded surprisingly simple 
expressions for the associated NIM-rep coefficients. Just as the partition function of a torus yields 
a modular invariant, the partition function associated to a cylinder yields a NIM-rep (though 
not every NIM-rep is a cylindrical partition function for a consistent CFT — e.g. the tadpole 
NIM-reps occurring for A? ^ odd level [H]). The NIM -rep coefficients satisfy a Verlinde-like 
formula; however an explicit proof that this formula yields nonnegative integers (for simple-current 
invariants) has not yet been found in the literature. Our expressions could provide the groundwork 
for such a proof of integrality!! 

As mentioned above, the SU(n) fixed point factorisation formula involved factors of type 

1 With the exception of at level 2. 

2 As we have explicit formulas only at the fundamental weights, positivity of all NIM-rep coefficients would not 
follow from positivity of those involving fundamental weights. 
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SU(n/d). It was not clear a priori whether a fixed point factorisation would exist in other cases, 
and if so, which algebras should play the role of the smaller-rank algebras, or what the formulas 
would look like. However, the answer that has emerged yields a remarkable twist — not only 
are the smaller-rank algebras not of the same family as the original algebra (indeed, nontwisted 
algebras can yield twisted algebras and vice- versa) , but they are precisely the orbit Lie algebras of 
Fuchs-Schellekens-Schweigert [121 H3]lfl Given a simple or affine Lie algebra g, its orbit Lie algebra 
g is obtained from g through a diagram-folding, or matrix-folding technique. What they found 
was that the twining characters of g could be expressed in terms of true characters of g (twining 
characters are characters that have been 'twisted' by an automorphism of g). We note that orbit 
Lie algebras have appeared before in a related context to ours. When both primaries involved are 
fixed points, the matrices S J of [Hj, giving the S'-matrix for the simple-current extended theory, 
can be identified with the S'-matrix for the orbit Lie algebra associated with the simple-current J. 

We remark that the exceptional cases — namely Eq and E^ — are yet to be worked out. 
Their Weyl groups are irregular, but preliminary work on this, with the aid of Maple, suggests 
that their orbit Lie algebras and resp.) again should be the smaller-rank fixed point 

factorisation algebras. With some further techniques, we expect that explicit formulas should also 
be within reach. 

Notation. We use the notation of [32] for the affine algebras: by Xr\ where X G {A, B, C, D, E, 
F, G} and i G {1,2}, we mean the affine algebra with underlying rank-r simple finite dimensional 
algebra X r , twisted by an automorphism of order i. We identify an X r representation with its 
Dynkin labels: A = (Ai,...,A r ), and similarly, for Xr , A = (Ao;...,A r ). We denote the n th 
fundamental weight by A n ; that is, A n = (0, . . . , 1, . . . 0), where the '1' is in the n th position. 

We let P^(X^) denote the set of level k integrable highest weights for X® (the primaries); 
that is, 

Pl(X^) = l(\ ;...,\ r )eW +1 : J2a^\ e = k\ . (1.4) 

I £=0 J 

The are the dual Coxeter labels of Xr. For example, for X — A, C, and i — 1, — 1 for all 
< e < r. 

Throughout this paper, we let N be the set of nonnegative integers, and * denote complex 
conjugation. 

2 WZW modular data and simple- currents 

In this section, we review the necessary information about WZW data and affine algebras. Most 
of these properties hold for general RCFT as well. In Section I2.2[ we give the relevant information 

3 This was pointed out to the author by Terry Gannon. 



3 



for the specific algebras involved in the fixed point factorisation formulas. We assume general 
knowledge of Lie algebras and their representations — some references are [T5J [TBI fT7] . 



2.1 Review and definitions 

As we mentioned in the introduction, the matrices S and T defined in (jl.2p and (jl.3p generate a rep- 
resentation of SL 2 (Z). More precisely, the representation is ( !? \ J (->■ 5 and ( _ \ J h-> T. 



n i o / V 1 , 

The S-matrix is our main interest. It is unitary and symmetric, i.e. SS* = I, although we are also 
interested in the twisted A-algebras, for which symmetry fails — we address the specifics of these 
cases in Section 12.21 The matrix S 2 =: C is a permutation matrix called charge-conjugation; it 
associates a V-module to its dual (where V is the vertex operator algebra of holomorphic quantum 
fields). The S'-matrix satisfies the following symmetry with respect to charge-conjugation: 

Sc\,fi = S\,Cli = Sa m • (2-1) 

The WZW models are unitary RCFTs, which means that we also have 

S 0fl > S 00 > (2.2) 

for all primaries //, where denotes the vacuum. Equality occurs for primaries called simple- 
currents (defined below); they also correspond to permutations of the set P*(Xr) of primaries. 
The most important property of the S'-matrix is that the numbers N% defined by Verlinde's 
formula 

= £ (2 .3) 

a 

are nonnegative integers. These numbers are called fusion coefficients, and are structure constants 
for a commutative associative ring called the fusion ring. One consequence of the integrality of 
the fusion coefficients is a powerful Galois symmetry of the S- matrix (see [TS]). 

A simple- current is a primary A for which there exists a permutation J of P^(Xr^) such that 

Nx* = Kj, (2-4) 

with A = JO. We will also call the permutation J a simple-current. The simple- currents are 
precisely those primaries for which equality occurs in f 12 . 2 j) : they form an Abelian group, which we 
denote by J . For each J G J , there exists a rational number Qj(fi) for each // 6 P^(Xr^), such 
that [IS] 

Sja,^ = exp[27riQj(/i)]S AM . (2.5) 
The number Qj(fi) has the expression Qj(n) = h(fi) + h(J) — h(J //) (mod Z) in terms of conformal 
weights. In all cases except for at level 2, the simple-current group is isomorphic to the centre 
of the (universal cover of the) corresponding Lie group, and the simple- currents correspond to 
automorphisms of the extended Dynkin diagram^ An expression for the S-matrix of a nontwisted 

4 However, not all symmetries of the extended diagram are simple-currents. 
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affine Kac-Moody algebra Xr [20] is 

S\fj, = n~ r / 2 s (det w) exp 



-2vri 



.w(X + p) -(p + p) 



(2.6) 



where W is the X r Weyl group, A = (Ai, . . . , A r ), p — (1, . . . , 1) is the Weyl vector, and k and 
s are constants depending on r and k. We are using bars to emphasize that the quantities are 
of the underlying finite dimensional simple algebra X r . The S-matrix is closely related to the 
X r characters chj evaluated at elements of finite order, via the Weyl character formula (see e.g. 
Chapter 10 of [IS]), and this is the key to our fixed point factorisation formulas. More precisely, 



S. 



A/t 



s. 



Chj 



-2ni 



+ P) 



K 



(2.7) 



The characters of a Lie algebra form a ring, called the character ring. A classical result (see 
e.g. Chapitre IV- VI of [21]) is that the character ring of X r is generated by the characters at the 
fundamental weights A n ; that is, for any integrable highest weight representation A of X r , chj is 
some polynomial Pj in the variables chj . Due to (12. 7B . this reduces the question of the existence 



of a fixed point factorisation at S\(p to that of one at S\ ntV , where A fi 
this is our focus. 



(k — 1)A + A n , and so 



2.2 Specific data for the algebras 

In this section, we give specialised data for the classical WZW models, as well as relevant data 
for the twisted algebrasjj Much of the information is presented in the form of tables, for ease 
of presentation. We will use A to denote both X r and Xr weights, as it will be clear from the 
context which is intended. 

In many cases, it will be more convenient to use the orthogonal coordinates X[i], rather than 
Dynkin labels, of A — for the B, D (A), algebras, these are coordinates of A with respect to 
an orthonormal basis {e^} of lR r (IR r+1 ), and for the C-series, it is more convenient to use an 
orthogonal basis {e,} all of whose elements have length a/2. We will mostly work with the shifted 
orthogonal coordinates (A + p)[i] =: A + [i]. They are given for each algebra in Tables [T] and [2] 
below, along with the expression for the level k in terms of Dynkin labels, as well as the number 
K appearing in ( 12. 6p . In the first row of Table [H 1 < i < r + 1; in all other rows, 1 < i < r, and 
in Table El 1 < i,j < r. 

The simple-current groups and their generators are given in Table [3] below. The permutation 
J v is also a simple- current for when r is odd — in that case, J v = J 2 . When r is even, we 
also have the simple-current J c := J v + J s . For the -D-series, we will use the following conjugation 

5 We use the notation of Kac [IS] for the twisted algebras. 
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(a conjugation is a graph symmetry fixing the zeroth node): 

C\ : (Ao; • • • , A r ) i y (Ao; • • • , A r _2, A r , A r _i) . (2-8) 
When r is odd, this is the charge-conjugation C in (12.11) (charge-conjugation for r even is trivial). 



q Level k A + [z] k 





ELo a^ 




r + 1 - % + J2e=i ^ 


k + r + 1 


Br 


Ao + Ai + 2 E<?=2 A^ 


+ A r 




fc + 2r - 1 


n m 


ELo a^ 




r + 1 - i + ELi A £ 


k + r + 1 




Ao + Ai + 2 E(?=2 A^ 


+ Ar_i + A r 


^-^ + e;:!a, + ^^ 


fc + 2r - 2 




Ao + 2 E<?=i A^ 




r + 1 - i + ELi ^ 


fc + 2r + 1 



Table 1: Affine algebra data — symmetric S'-matrix 



Level k 



K 



41i ^o + ^i + 2E; 



r + 1 



EL* ^ 



Ao + 2 ELi A, + A r 2r + 1 - 2j + 2 ELj A £ + A 



D 



(2) 
r+1 



z/ + 2 ELi u e + u r 2r + 1 - 2i + 2 ELi ^ + ^ ^ + 2r 



r-l 



Aq + Ai + 2 EL2 



i-j + EL,a 



fc + 2r 



Table 2: Affine algebra data — nonsymmetric S'-matrix 



The characters of the fundamental weights of X r can be expressed in terms of elementary 
symmetric polynomials (see e.g. Chapter 23 of [H]). The d th elementary symmetric polynomial 
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J Generators of J 



4 (1) 

/If 




7 . 

J . 


A 1 r (^A r , AQ, . . . , A 


r-l) 




z 2 


J : 


A I—?- (Ai; Ao, A 2 , . . 


■ , A r ) 




z 2 


J : 


A (A r ; . . . , A ) 




D { r \ r odd 


z 4 


J S 


~. A i — y (A r _i; A r , A r _ 


-2, • • • , Ao) 


JJr , r even 


Z 2 x Z 2 


J s 


: A (A r ; . . . , A ) 








J v 


: A i y (Ai; Ao, A 2 , . . 


• , A r _ 2 , A r , A r 


/1 2r-l 


z 2 


J : 


V ^ {y x \ u , z/ 2 , . . . 






z 2 


J : 


i/ M- (v r ; . . . , f ) 





Table 3: Simple-current groups and their generators 



Ed in variables ai, ... , a n , is defined as 

£ d (ai, . . . , a n ) = 2j a u--- a i d > ( 2 - 9 ) 



l<il<"-<i,;<n 



where ^(ai, • • • , a n ) = 1; E-d(a,i, . . . , a n ) = if d > 0, and Ed(a\, . . . , o n ) = if n < c?. We also 
define Ed{$) to be the polynomial in zero variables, with i?d(0) = if d 7^ and -Eo(0) = 1- 

Explicit expressions for the S-matrix ( 12. 6 p for the nontwisted algebras can be found in [22]; 
an expression for the A y 2 J S'-matrix is due to [T2]. In the case of A^Li and -D^+i; ^ ne S-matrix is 
not symmetric — explicit expressions for these appear in [7]. We now remark on the latter two 
algebras. The rows and columns of S are indexed by (r + l)-tuples v and A respectively (see Table 
E]). We set 

Xxiy) ■= Svx/S u0 , (2.10) 

where u, A are as in Table |2j Simple-currents act on the weights v. 

We are interested in the ratios (12. 7p . (I2.10p of the S'-matrix. Evaluating these yields the 
following expressions in terms of elementary symmetric polynomials: 



The algebra B^ . 



, , . E n (l,z 1 ,...,z r ,z l 1 ,...,z r 1 ) ifl<n<r-l 
XaM ~^ E r (z 1 1 /2 + z; 1/2 ,...,z 1 r /2 + z- 1/2 ) iin = r ' (2 ' U ' 
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where Zj = exp 



-27ri 



The algebra C-p . 

Xa„(aO — E n (zi, . . . , z r , z 1 1 , . . . , z r x ) — E n _ 2 (z 1 , . . . , z r , z 1 1 , . . . , z r *) , 



where Zj = exp 



T/ie algebra 

E n (z l , . . . , z r , zi, . . . , z,: 1 ) if0<n<r-2 

Xa„(/-0 = ^ X] • ' ' zf 1 / 2 for an odd number of minus signs if n — r — 1 

z^ 1 ^ 2 ■ • • zf 1 ^ 2 for an even number of minus signs if n — r 



where Zj = exp 



-2vri 



T/ie algebra A^J . 

XaUO — E n (zi, . . . , z r , z ± 1 , . . . , z r *) — E n - 2 {zi, ■••,2r,Zi 1 ,.-.,z r 1 ) , 



where := exp 



-2?ri 



T/ie algebra A 2r _i- 

XA„(^) 



£ n (l, 21, . . . , z r , z 1 1 , . . . , z r *) if < n < r - 1 

E r {z\^ 2 + z l 1 ^ 2 , . . . , zl^ 2 + 2 r ^ 2 ) if n — r 



where Zi = exp 



-2m- 



The algebra -D^+i- 

XAn(v) = E n (zi, . . . , z r , z x 1 , . . . , z r x ) — E n _ 2 (zi, . . . ,z r ,z 1 1 , . . . ,z r 1 ) , 

where Z; = exp 



— 7T1- 



3 The fixed point factorisation formulas 

We will prove the following theorem: 



(2.12) 



(2.13) 



(2.14) 



(2.15) 



(2.16) 
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Theorem 3.1 Let S be the modular S-matrix for the WZW model corresponding to X r , level k, 
where Xr is given in the first column of Table ^ Let J be its group of simple- currents, and let 
<p be a primary for Xr that is fixed by a subgroup of J . Then for any A G P*(Xr ), S v \ can 
be expressed in terms of the S-matrix for the algebra Yg at level £, given in the third and fourth 
columns of Table [^} Explicit formulas for the case that X is a fundamental weight are given in 

(Q, AH), (M); (GOD, (M), ®M, <\2M, §M, ILP and <^M- 

Remark 3.1 The proof of eqn (13. 2 j) was done in |5]/. 

The proof of Theorem 13.11 is surprisingly straightforward, once the challenge of realising that 
a fixed point factorisation exists and what it will look like has been overcome. Earlier work on 
this was done in |23j . The key to the proof is the relationship (12. 7p between the S-matrix and the 
characters of the underlying simple finite dimensional algebra, and the fact that the latter (at the 
fundamental weights) can be expressed through symmetric polynomials. 

The table below summarizes the algebras, their simple- current group generators, and the 
smaller-rank algebras, which we call the 'fixed point factorisation (FPF) algebra', involved in 
each case. 



3.1 Useful facts 

We collect here some basic results which we will use in the proofs of the fixed point factorisation 
formulas, before turning to the formulas themselves. The first is a convenient source of zeros in 
the S'-matrix, and the remaining two are properties of elementary symmetric polynomials. 

Let if be a fixed point for a simple-current J. Then (12.51) yields the symmetry = 
exp[2ifriQ j(X)]S ip \, which in turn yields the useful fact: 

Fact 3.1 = whenever Qj([i) $ Z. 

Recall the definition of Ed in (12. 9p . The following two equations are immediate consequences 
of the definition: 

Fact 3.2 For any variables a, bi, . . . , b n , 

E d (a,b 1 , . . . A) = aEa^bi, . . . ,b n ) + E d (b!, . . .b n ) , 
E d (a, -a,bx,... b n ) = -a 2 E d _ 2 (bi, ...,b n ) + E d (b u ...b n ) . 

Fact 3.3 Letm>0. Then 

E2m(0'i, —cl\, a 1 , —a 1 1 , . . . , a n , —a n , a n , —a n l ) = (—l) m E m (a1, a 1 2 , . . . a^, a n 2 ) , 

for any variables a 1; . . . , a n . 
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Xr\ level k Simple-current FPF algebra Level 



41) 




4 1} . 




J 


4(3) 
2(r 


o r , / uuu 


r 

j 


r (i) 


Cr , r even 


J 


. (2) 




J v 


r (l) 


A (1) , r odd 


Js 


O r-J 
2 


Dr 1 r even 


Js 


R (l) 

2 


4(2) 
/1 2r-l 


J 


W- ] 


DJSi, r odd 


J 


4(2) 


n( 2 ) 

-t^r+i) r even 


J 


D (2) 



fed 

r+1 

fc 

fc 
2 

fc 

fc 
2 

fc 
1 

fc 
2 

fc 
2 

fc 
2 

fc 
2 



Table 4: Fixed point factorisation algebras for the classical affine algebras 

Proof of Fact \3.3[ Let d = 2m, and define E(j ; q := Ej(ae, —ai, aj 1 , —aj 1 ), and E'u.n '■= Ej(aj, aj 2 ). 
Then E(p-,£) = Eqq = 1; = £( 3; £) = 0; £( 2; £) = ~E' {1 . e) , and i*^) is zero for j > 4. Thus, for 

each j E {0,2,4}, E m = (-l)^ 2 ^ . 

Let [c?i, . . . , rf n ] be an ordered partition of d. We will be interested only in those partitions 
with di G {0,2,4}. Let d' := d/2 and d\ = di/2. Let Ed denote the d th elementary symmetric 
polynomial in variables a±, — ai, a^f 1 , — ajf 1 , . . . ,a n , — a n , a^ 1 , — a^ 1 . Then the calculation 

Ed = 2j ^W) ' ' ' E (d n ;n) 

[d 1 ....,d n ] 

*G{0,2,4} 

= E (d[;l) ■ ■ ■ E (d' n ,n) 

[d' t ,...,d' n ) 
<£{0,1,2} 

771 / 2 -2 2 — 2\ 

— An«i, «i , . . . , a n , a n J 

establishes the result. □ 
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(1) 



r 



3.2 The algebra A 

For completeness, we summarize the Ar fixed point factorisation. This was done in [5], where a 
fixed point factorisation was found for S\ v for all weights A. We include the formula for the case 
that A is a fundamental weight. 

Let n := r + 1. The Coxeter-Dynkin diagram for Af is a regular ra-gon. Let J be the rotation 
of 2n/n radians: the group of simple- currents is the group (J) = Z n generated by J. There is a 
fixed point factorisation for J d where d\n, in which case the order of J d is n/d. The case d = n is 
trivial (J = id), and the case d = 1 is degenerate (the fixed point factorisation formulas work with 
S' = x' — 1)- The A- series is the only case where the order of the simple-current group grows 
with the rank of the algebra. 

Suppose d\n, and let <p G P^_(A^) be a fixed point for J d . Define the truncated weight 

ip = (<Po;<pi,...,<pd-i) (3.1) 

it lies in P + n (A^i-J, and the fixed point factorisation involves ^ copies of the S- matrix for A^_ x 
at level kd/n. The n-ality of a weight A is defined by t(X) = J^ =1 iAi. By Fact 13.11 Sa^ = 
whenever t(X) ^ (mod §). We then have the following: 

Fixed point factorisation 1 Let n = r + 1, and let d be a proper divisor of n. Let ip be fixed by 
the subgroup (J n ^ d ) of the simple- current group, and let (p be as in (13.11) . We then have 

where primes denote level kd/n quantities. 



3.3 The algebra B r 1] 
A fixed point is of the form 

they satisfy 

Let 

Then by (E3D, £ G 



¥> = (pi; ¥>i, va, • • • , <f r ) ; (3.3) 

2(y>i + • • • + yv_i) + p r = . (3.4) 

<P= {<Pr\<Pr-l,--,<Pl) ■ (3-5) 



11 



Fixed point factorisation 2 Let < n < r, and let if, if be as in A3. 3\) . A3. 5\) respectively. Then 

XA ,( v) = h-V n {^ + AJ®) ^»< r , (3.6) 
[ if n = r. 

(2) 

where primes denote ^(r-i) ^ eve ^ k quantities. 

Proof. By Fact 13. 1[ Xa^V 9 ) = 0- Let n G {0, . . . , r — 1}, and define ipi := j + Yl\=i > with ip° = 0. 
By Equation (13. 4p . the shifted orthogonal coordinates of ip are given by f + [j] = k/2 — </j j ' -1 , for 

1 < i < r. Let ^- := exp 27ri^- , for 1 < j < r — 1. Then putting /z = ip into (12. lip , we have 
Z\ = —1, and Zj = — for 2 < j < r. Thus, XA n (<£>) is the n th elementary symmetric polynomial 
in variables 1, -1, -1, . . . , Let e n := E n (£ u . . . , £ r -i, ^f 1 > • • • > C-i)- Then applying 

Fact 13.21 (and factoring out (—1)") to Xa„(v?) yields: 

XAniv) = (-l) n (£n + e n _i - £ n _ 2 - e n -s) • (3-7) 
The shifted orthogonal coordinates of if are if + [r — j] = ip\ for 1 < j < r — 1. By (I2.14p . the 
^2(r-i) ^ eve ^ ^ 'S , " ra ti° s are given by Xa' ( < / 9 ) = £ n — £ n -2- D 

3.4 The algebra C^ 1} 

The fixed points and fixed point factorisation algebra depend on whether r is odd or even, and 
are given in each case. Throughout this section, we let if? = j + J2e=o ft > Cj = ex P Tri^-^ and 



When r is odd. Fixed points are of the form 

V 9 = (V'O; <Pl, ■ ■ ■ , V?(r-l)/2, P(r-l)/2, ■ ■ ■ , y?i, y?o) , (3.8) 

with 

<^ H \- if {r _ 1)/2 = k/2 . (3.9) 

Let 

(V( r _l)/2; • • • ,<Pl,<Po) ■ (3-10) 

By (J3D, ^gp|(cS). 

Fixed point factorisation 3 Le£ r be odd, and let m G {0, . . . , ^rr}. T/ien 

XA " ( ^-\0 l fn = 2m + l ' (3 ' U) 



where if is as in (I3.10p . and primes denote C r \ level k/2 quantities. 
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Proof. Fact 13. II implies Xa„(<p) = whenever n is odd. Let r' = (r — l)/2. By Equation (13.91) . the 
shifted orthogonal coordinates of (p are 

^[j] = k-^ ; ^ + [r + l-i] = ^' (3.12) 

for j = 1, . . . , r' , and <y2 + [(r + 1)/2] = k/2. Substituting /i = in Equation (I2.12p yields Zj- = — Q, 

z r+l-j = f° r 1 < j < r ' ; an d Z r+l = — i. 

Let E n be the n th elementary symmetric polynomial in the variables i, — i, ±£ 3 -, ±G~ , f° r 
j G {1, . . . , r'}, and e n := E n (£i, £f , . . . , £ r /, £^ ). Then Facts [3721 and 13.31 yield 

XA 2m M = £ 2m - E2(m-i) = {-l) m {e m - e m - 2 ) • (3.13) 

Consider at level k/2. The shifted orthogonal coordinates of <p are <£> + [r' + 1 — j] = (p\ 
for 1 < j < r'. The m th elementary symmetric polynomial in variables z'- = exp 
k' = k/2), is e m . Thus, by fl2~12|) . 

Xa^(^) = £m - • (3.14) 
The fixed point factorisation formula (13. lip follows from (13.131) and (I3.14p . □ 



7T1 



(where 



When r is even. When r is even, there is a fixed point factorisation at all levels k. The fixed 
points of J are weights 

V = (W • • -^J-i) <P$,<P$-i 

where 

2(^o + --- + Vf-i) + <^§ 

Let 

<?= •••,<^o) • 

By ([37T6D, £ e ^(^(r))- We have: 

Fixed point factorisation 4 Let r fre even, and /et cp, cp be as in (I3.15p . (13.171) resp. Let < 
m < |. Tnen 

m 

XA 2m M = (-l) m E^(^) > ( 3 - 18 ) 
£=0 

(2) 

where primes denote A Ax /eve/ fc quantities. 



,...,<p ) , (3.15) 
. = Jfe . (3.16) 

(3.17) 
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Proof. The shifted orthogonal coordinates of (p are given in (j3.12p . for 1 < j < |. Putting /i = y? 
into (I2.12p . the set of variables {zj.zj 1 | 1 < j < r}, is the set {Cj>Cj~ > ~~ G> ~~ CjT 1 I 1 < J < §}• 
Equation f 1 2 . X 2 j) and Fact 13.31 then imply that 



x^M = (-i) m (e m + £ m -i) , 

where e m := £ m (£i, . . . ,£r,£r\. . . .fr 1 ). 



(3.19) 



(9) 

Let r' = r/2. Consider the algebra A , > level fc. The shifted orthogonal coordinates of 



are <^ + [r' + 1 — j] = ip\ for 1 < j < r' . Let z'j := exp 
{z'j, 2' 7l }i<i<r-/2 = {^)C 7l }l<i<r/2 , so by (j2.14j), 



Equations f l3TT9|) and f[3T20]) now establish f l3TT8|) . □ 



(here, k' = k). Then the set 

(3.20) 



3.5 The algebra D 



(i) 



The nontrivial simple-currents are J v , J s and J V J S (see Table [3]). Throughout this section, we let 



Cj = exp 



2vri^ 



with the relevant k and <pi (given in each case). 



The simple-current J v . The simple-current J v has fixed points 

V? = (V^l! ^1,^2, <Pr-2, <Pr-l, <£V-l) , 

with 



Define 



<fi H h <£V- 



<£> := (<^r-i; V?r-2, 



(3.21) 

(3.22) 
(3.23) 



Then 9? G -P+ (C^)- The fixed point factorisation in this case is: 



Fixed point factorisation 5 Let 1 < n < r, and let (p, (p be as in (I3.2ip . (I3.23P respectively. 
Then 

( X ' A , (<p) - X' A > M) ifU<n<r-2 
if n = r — 1, r 



(3.24) 



where primes denote Cy_ 2 level | quantities 
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Proof. By Fact 13. 1\ XK-Av) = Xa^V 9 ) = 0. Let ifP = j + Yji=i > with ip° = 0. The orthogonal 
coordinates of the fixed point ip are = f — <^ _1 , for 1 < j < r. Putting fi = ip into 

(I2.13P yields Z\ = — 1, z r = 1, and Zj = for 2 < j < r — 1. Thus, Xa„(^) is the n th 

elementary symmetric polynomial in variables —1, —1, 1, 1, and — £ - 1 for 1 < j < r - 2. Let 
e n := Cr 1 , • • • , 6-2, C- 2 )- Then by Facts O and D 

XaM = (-l) n (£n - 2e n _ 2 + e n _ 4 ) • (3.25) 

Now consider C^} 2 at level fc/2. Here, re' = re/2, and the shifted orthogonal coordinates of 
are given by ^ + [r — 1 — j] = p>\ for 1 < j < r — 2. Let z'j = exp — 7ri^y^ as in (12.121) . Then 

the set of variables {z'f 1 , . . . , z'^\} is {^f 4 , . . . , and so xk' (£0 i s the difference £ n — £ n _2- 
This coupled with (13^251) establishes (13341) . □ 

The simple-current J s when r is odd. There are fixed points when 4\k. The simple-current 
J s has fixed points are 

p = ((fx; (f!, <p 2 ,..., <fir=i,ipr=i, ...,(p 2 , tpi, <pi) , (3.26) 

with 

tp 1 + ... + ( P r^ = -. (3.27) 

Let 

<P= (¥>r=i; ■ ..,(pi) ■ (3.28) 

Then by (E2ZD, ^ G p| (c^) . 

Our fixed point factorisation formula is: 

Fixed point factorisation 6 Letr be odd, and let<p, <p be as in ( 13.261) . (13.281) respectively. Then 

XA .H = { (-l) m (xitW+X^,©) tfO <„ = *»<.■- 3 > ^ 
otherwise 

where primes denote C^} 3 level k/4 quantities. 

Proof. By Fact 13. 1\ Xa„(v 9 ) = whenever n is odd, or n = r — 1. Let yfl '■= j + Yj£=i The 
shifted orthogonal coordinates of ip are: 

<p + \j] = %-<p i - 1 ; ^[r + l-i]^^- 1 , (3.30) 
where 1 < j < z=±, and y?+[(r + l)/2] = re/4. 
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Let £j := exp 27ri^ . Then putting // = <p into (12.131) . we have z\ = — 1, z r = 1, Z( r +i)/2 = — i, 

2j = — and 2 r +i-j = for 2 < j < (r — l)/2. Let r' := ^ . The S'-ratio Xa„(v 9 ) is the n th 
elementary symmetric polynomial in variables ±1, ±1, ±i, and ±£j, ±£j" , for 1 < j < r'. Define 
e m = E m (^ 2 ,^ 2 , . . . , £^,,£ T ~ 2 ). Let < m < r' . Then Facts [3721 and 13.31 yield the expression 



XA 2m (v) = (-l) m (e m + e m -i - e m -2 - e m _ 3 ) • 



(3.31) 



Consider Cy at level k/A. The shifted orthogonal coordinates of p are <£> + [r' + 1 — j] = pi, for 
1 < j < 7"'- By (I2.12p . the character x'a> (<f) is the difference E m — E m _ 2 of symmetric polynomials 



7T1 



in the variables z'j and z'- , with z'j = exp 

Xa^(^) = e™ - e m _ 2 • 
The result fl3T29|) now follows from fl3T3T|) and fl332|) . □ 



, where k' = k/4. That is, 



(3.32) 



The simple-current J s when r is even. The simple-current generator J s has fixed points 
when k is even. They are the set of all weights 



with 

Define 



P> = (p ; ipr_ u <pr,<pr_ u . . . , p Q ) ) 

<p + cp x + 2(p 2 H h ^§-i) + = . 



(3.33) 

(3.34) 
(3.35) 



We have: 



Fixed point factorisation 7 Let r 6e even, and /et p, p be as in (13.331) . (I3.35P respectively. 
Then 



("l) m ET=o X' K (V) zf0<n = 2m<r-2 
Xk Up) = I (~ 1)^Xa' if n = r — 1 and 2\\r , or n = r and 4|r 

otherwise 

where primes denote level k/2 quantities. 



(3.36) 



Proof. By Fact 13.11 Xa„(v 9 ) = whenever n is odd and 1 < n < r — 3. If 4|r, then XK-Av) = 0> 



and if 4 f r, then XAriv) = 0- Let p j := j + ^ pe + 



(f - p>i 



. By (I3.34p . the shifted orthogonal 
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coordinates of <p are given by (13.301) . for 1 < j < |. Let ^ = exp 27ri^— . Putting fi = <p into 
(jZHSD yields = and z r +i_,- = fj" 1 , for 1 < j < § . Let e m = E m (Q,^ 2 , . . . ,£r,£7 2 ), where 
m G {0, ...,§- 1}. Then (T27T3]) and Fact £Ll implies 



XA 2m = {-l) m e m • (3.37) 



Now consider Br at level k/2. Here, k' = k/2, and the shifted orthogonal coordinates of (p 

2 

are tp + [j] = k/4 — <^ J_1 , for 1 < j < ~ . By (12. lip , x'a 1 (v) I s t ne m th elementary polynomial in 
the variables 1, — £|, and —£,J 2 , 1 < < § . Then Fact 13.21 yields 

XaJ® = (-l) m («W - *n-0 • (3-38) 

Thus for < n < r - 2, the result (13736]) follows from (l3~3Tj) and (13381 . 
It remains to consider the case n = r — 1, r. By (I2.13p . 

XA» + Xa^M = E r {z\ 12 + ^ 1/2 , • • • , z]' 2 + V 1 / 2 ) . (3.39) 



Suppose that 4|r, and let fx = (p in (13.391) . Let Q = exp 7ri^-^ — . Then Fact 13.11 implies that 

/ \ T7i / 1/2 I -1/2 1/2 -l/2x , 1/2 -1/2 j- \ j 1/2 -1/2 

XK,W)= E r{Zi +Z % ,...,Z r ' + Z r ), Where Z/ +Z j = l(Q - Cj)> and ^r+l-j + ^r+l-j = 

(C-' + Q, for 1 < j < | . By dZIB, X AV (SO = U]=i(^ /2 + where ^^f^ = ^ ~ 

2 

C|). Finally, if 4 f r, then Equation f !3.39|) now implies that XK-iiv) = E r {z\^ 2 + z x 1//2 , . . . , z^ 2 + 
z T 1//2 ), and so the above argument applies. □ 

The simple-current J V J S , r even. Recall the conjugation G\ in (12 .8p : we will denote it by C 
in this section. The identity J V J S = CJ S C implies that ip is a fixed point of J V J S if and only if 
dp is a fixed point for J s . Therefore, the fixed points for J V J S are all points ip = Cip s such that 

J s ip s = <p s . 

r-2 



By Fact 13.11 XA n (y?) = whenever n is odd, or n = r — 1 (2||r), n = r (4|r). Let < m < -„ 
Then 

XW¥>) = XA 2m {Ctp s ) = — = — = XA 2m (^ s ) , 

where the last equality is because C acts trivially on A2 m and 0. Now suppose 2||r. Then 

XaM = XA r (CVs) = = — S = XAr-AVs) , 



and similarly, if 4|r, then XAr-M = XkAVs)- 
Thus we have the fixed point factorisation: 
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Fixed point factorisation 8 Let f be a fixed point for J V J S , and let if be as in (I3.35p . Then 

l-V m E7= x' K (& zf0<n = 2m<r-2 
Xa (f) = ^ (—1)5^, if n = r — 1 and 4|r , or n = r and 2\\r ; (3.40) 

otherwise 

where primes denote level k/2 quantities. 

2 

3.6 The algebra A^_ x 
Fixed points are of the form 

<P = (<Pi;<Ph---,<Pr) , (3.41) 

where 

i Pl + ---( fr = k/2 . (3.42) 

Define 

<p = (ip r ; ...,<pi) ; (3.43) 

this is a level k/2, C^_ x weight. 
The fixed point factorisation is 

Fixed point factorisation 9 Let ip, tp be as in equations (13.411) . ( 13.43[) respectively. Then 

XA »=( (-D-^AtW + xii.,^) */0<n<r-l (344) 
[ if n = r 

where primes denote C^_ x level k/2 quantities. 

Proof. Let tpi = j + Yje=i> with (f° = 0, and £j := exp 2iri^- . The orthogonal coordinates are 

(p + [j] = n/2 — ip^~ l , for j = 1, . . . , r. Fact 13.11 implies XA r (f) = 0, and putting v = ip into (I2.15p . 
we find that for < n < r — 1, 



XAn(v) = (- 1 ) n (^n + e n _i - e n _2 - £ n -3) , (3.45) 

where e n = E n (£i, . . . , £ r _i, ^f 1 , . . . , C^-i)- Now consider C^i\, level fc/2. The orthogonal coordi- 
nates of <p are (p + [r — j] = <p r ~i for j = 1, . . . , r — 1, and putting fM — <f into (I2.12p yields 

xy^) = £n-£n-2- (3.46) 
Equations (I3.45j) and (I3.46P give the fixed point factorisation (13.44)) . □ 
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3.7 The algebra 

Fixed points of J are of the form 



(3.47) 



The fixed point factorisation depends on whether r is odd or even. In both cases, Fact 13.11 implies 
that XA n (f) = whenever n is odd. 



Throughout this section, we will let (pj = 2j — 1 + (p + 2 J2e=h = ex P 
E m := E m {^i, . . . , ir'-,ii 1 -, • • • , ir' l )-> wh ere r' is given in each case. 

The case r is odd. Let r' := (r — l)/2. The weight cp satisfies 

(f + 2((fi H h (p r >) = k/2 . 

Define 



7T1 



£ = C 2 , and 



ip = (ip ; . . .,(pr-i) . 



(3.48) 
(3.49) 



(2) 

Then ip is a A A^, level fc/2 weight. We have the fixed point factorisation 



Fixed point factorisation 10 Let m G {0, . 



r-l 
' 2 



}, and /et y? ; fre as in eqns (13.471) . (I3.49p 



respectively. Then 



XA> m (<f) ifn = 2m 
if n is odd 



(3.50) 



where primes denote A^ 2 )_ 1 , level k/2 quantities. 



Proof. Let n = 2m, where < m < r'. By (|3.48p . the orthogonal coordinates of <p are: <p + [j] = 
k — ipi and ip + [r + 1 — j] — p>i for 1 < j < r', and tp[r' + 1] = k/2. Thus, putting v = <p in ( 12 . 1 6f) 
and using Facts 13.21 and 13.31 yields the expression 



XA„( V ) 



-D m (e m -e 



rn t-m— 2j 



(3.51) 



Consider AfJ, at level k/2. Equation (I3.48P gives the orthogonal coordinates of <p as <p + [j] = k/4- 
ipi /2, for j = 1, . . . , r'. Putting v = <p into 12. 141 yields the expression x'a> (sp) = (~ l) m ( £ m — Em-2) 
Comparing with A3 .51)) gives the fixed point factorisation (I3.50p . □ 
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The case r is even. Let r' = r/2. Fixed points satisfy 

(p + 2((p 1 -\ h yv-i) + VV = k/2 . (3.52) 

Define 



y? = (y? ; • • -,<Pr>) ; (3.53) 



then is a L>r weight, at level k/2. 
The fixed point factorisation is 



Fixed point factorisation 11 Let m G {0, . . . , r/2}, and let <p, if be as in eqns (13.471) . (13.531) 

respectively. Then 

XSnVP) = \ n m_! ( 3 - 54 ) 
^ U otherwise 

where primes denote -D), +1 , level k/2 quantities. 

Proof. Let n = 2m, where m G {0, . . . ,r/2}. By the same argument as above, the orthogonal 
coordinates become v 9+ [j] = K ~ ^ an d <p + [r + 1 — j] = ip\ for 1 < j < r/2, and the characters 
evaluated at <p are 

XA n {<p) = (-l) m (e m + e m .. 1 ) . (3.55) 
Putting v = Lp into (I2.16P gives the expression 

(-l) m (e m -£ m _ 2 ) (3.56) 

for the characters of the fixed point factorisation algebra. Eqns (13.551) and (13.561) now yield 

XA 2m ((f) + XA 2(m _ 1) (<^) = XA' m (<f), from which (ESJ) follows. □ 



4 Concluding remarks 

This paper, together with [5], establishes that a fixed point factorisation exists for the classical 
WZW models. The motivation for this paper was the development of the tool which allows us 
to calculate NIM-reps, D-brane charges and charge groups, which will follow in Part 2. However, 
the existence of this S'-matrix feature for the WZW models raises some further questions. Among 
them: 



• Does fixed point factorisation occur in other contexts? For example, what would a fixed point 
factorisation look like for finite group modular data? Their data looks quite different from 
the WZW data (an introduction to finite group modular data is given in [21]). Ultimately, 
we would like to know whether fixed point factorisation is a feature of all RCFTs. 



20 



• What is the connection between the fixed point factorisation algebras and the orbit Lie 
algebras? 

• What is a conceptual explanation for fixed point factorisation? 

As we mentioned in the introduction, fixed points can be a source of difficulty, and it is our 
hope that, beyond the applications explored in Part 2 of this paper, fixed point factorisation will 
be used as a tool elsewhere in mathematics and physics. 

Acknowledgements We are grateful to Terry Gannon for helpful discussions during this research 
and writing of the paper. 
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